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Surface Parameterization
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Surface Parameterization
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Surface Parameterization
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Motivation

e Texture mapping

Levy, Petitiean, Ray, and Maillot: Least squares conformal maps for automatic
texture atlas generation, SIGGRAPH 2002
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Motivation

e Many operations are simpler on planar domain

Levy: Dual Domain Exrapolation, SIGGRAPH 2003
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Motivation

o Exploit regular structure in domain

Gu, Gortler, Hoppe: Geometry Images, SIGGRAPH 2002
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Surface Parameterization

Christian Réssl, INRIA 244



Surface Parameterization
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Surface Parameterization
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Surface Parameterization
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Characterization of Mappings

e By first fundamental form 7

G
- Eigenvalues A, , of I 1. L
- Singular values o, , of J (02= M)
e |Ssometric
_I-1d ==l L
e Conformal
I-uld. AT el A . angle preserving
e Equiareal |
drea preservin
CdetI=1,  ama=l S ’ °
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Maps
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Objectives

e Isometric maps are rare

e Minimize distortion w.r.t. a certain measure

- Validity (bijective ma
Y (0l P) }Q% triangle flip

- Boundary fixed / free?

- Domain .
e.g.,spherical

- Numerical solution linear / non-linear?
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Discrete Harmonic Maps

o fis harmonic if Af =0
* <L>

e Solve Laplace equation

——  — yandvare harmonic

r Au =0
J AV=O

Dirichlet boundary conditions
(U, V)50 = (U, V) -

o |[n 3D: "fix planar boundary and smooth"
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Discrete Harmonic Maps

' o LN

e Yields linear system (again)

L(pl.)=zwij(pj—pi)=0 vertices I =i <n
/N,

e Convex combination maps
- Normalization EWU =1
JEN;
- Positivity w, >0
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Convex Combination Maps

e Every (interior) planar vertex is a I::I
convex combination of its neighbors

e Guarantees validity if boundary is mapped to a
convex polygon (e.g., rectangle, circle)

e Weights
- Uniform (barycentric mapping)
- Shape preserving [Floater 1997] Reproduction of
_ planar meshes
- Mean Value Coordinates [Floater 2003]

e Use mean value property of harmonic functions
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Conformal Maps

u(x, )\
v(x, )T
satisfy the Cauchy-Riemann conditions

e Planar conformal mappings f(x,y)=(

ou(x,y) _ v(x,y) and ou(x,y) _ v(x,y)

0x Y% Y% 0x
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Conformal Maps

)
o £, y) = (V ot
Mx — Vy uy — —Vx

o Differentiating once more by x and y yields

U, =vyandu, =-v_

e conformal = harmonic

Christian Rossl, INRIA
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Discrete Conformal Maps

)
o £, y) = (V ot
Mx — Vy uy — —Vx

e [N general, there are no conformal mappings for
piecewise linear functions!
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Discrete Conformal Maps

)
o £, y) = (V ot
Mx — Vy uy — —Vx

o Conformal energy (per triangle 7)
Ep=(u,=v,) +(u, +v,)
e Minimize |
E A, - min
el
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Discrete Conformal Maps

e | east-squares conformal maps [Lévy et al. 2002]

N E A, » min where E;=(u -v,)" +(u, +v,)’
1eT

e Satisfy Cauchy-Riemann conditions in
least-squares sense

e | eads to solution of linear system

e Alternative formulation leads to same solution...
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Discrete Conformal Maps

e Same solution is obtained for

Aqu=0
Agv=0

cotangent weights

nxXVu|,,=c .
Neumann boundary conditions

nVv|,,=c
(14,V) 00, = (1g,V,) + fixed vertices

Discrete Conformal Maps [Desbrun et al. 2002]
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Discrete Conformal Maps
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Discrete Conformal Maps

e Free boundary depends on choice of fixed
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An g Ie Based F I atte n i n g [Sheffer&de Sturler 2000]

e Perserve angles = specify problem in angles
— Constraints ensure validity

e triangle a+p+y-m=0 / %ﬁv\

e Internal vertex Y, =2m =0 X

e Wheel consistency Hsin(ﬁf)‘HSin(Yf) =0 ‘

<7

- Obijective function

N
£(x) = E w(o, —0)*  preserve angles 2D ~3D
=l

"optimal” angles (uniform scaling) /

Christian Rdssl, INRIA 262



Angle Based Flattening

e Free boundary
e Validity: no local self-intersections

e Non-linear optimization
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Angle Based Flattening

e Free boundary

e Non-linear optimization
- Newton iteration
- Solve linear system in every step

Hsin(ocl.) - Hsin(ﬁi) =0 Hlog sin(a; ) — Hlog sin(f3,) =0

[ T
AR
AR
2000 l\ ‘ i
3000,
- 00,
5000

|} )

>
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And how about area distortion?
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Reducing Area Distortion

e Energy minimization based on "O
t,

- MIPS [Hormann & Greiner 2000]

_ O, O
N[l ==+ =2
02 01
- modification [Degener et al. 2003]
detJ + 1 =0,0, + :
detJ 0,0,

- "Stretch" [Sander et al. 2001]

| l,=+0,+0, or lIJ]®=0,

- modification [Sorkine et al. 2002]

|
maX{Ol,—} |

O,
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Non-Linear Methods

e Free boundary
e Direct control over distortion

e NO convergence guarantees

e May get stuck in local minima

e May not be suitable for large problems
e May need feasible point as initial guess

e May require hierarchical optimization even for
moderately sized data sets
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Linear Methods

o Efficient solution of a sparse linear system

e Guaranteed convergence

e Fixed convex boundary

e May suffer from area distortion for complex meshes

e An alternative approach to reducing area distortion...
- How accurately can we reproduce a surface on the plane?
- How do we characterize the mapping?
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Reducing Area Distortion
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Reducing Area Distortion

e Quasi-harmonic maps [Zayer et al. 2005]

f’CVngg@ min

y —— estimate from f

diviCVg) =0
VA

o [terate (few Iterations) /

g
- Determine tensor C from f U L x@

- Solve for g
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Examples
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Examples

Stretch metric minimization

Using [Yoshizawa et. al 2004]
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Reducing Area Distortion

e Introduce cuts = area distortion vs. continuity

e Often cuts are unavoidable (e.g., open sphere)

Treatment of boundary
IS important!
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Reducing Area Distortion

e Solve Poisson system [Zayer et al. 2005]

— ” X '
Ax =divVU'« - estimate from
previous map

* Similar setting used in mesh editing
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Spherical Parameterization

e Sphere is natural domain for genus-0 surfaces

o Additional constraint || |I°=1

e Naive approach
- Laplacian smoothing and back-projection
- Obtain minimum for degenerate configuration
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Spherical Parameterization

o (Tangential) Laplacian Smoothing and
back-projection
- Minimum energy is obtained for degenerate solution

e Theoretical guarantees are expensive
- [Gotsman et al. 2003]

e A compromise?!
- Stereographic projection
- Smoothing in curvilinear coordinates
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Arbitrary Topology

e Piecewise linear domains
- Base mesh obtained by mesh decimation
- Piecewise maps
- Smoothness
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